We introduce the notion of a quandle with a good involution and its homology groups. Carter et al. defined quandle cocycle invariants for oriented links and oriented surface-links. By use of good involutions, quandle cocyle invariants can be defined for links and surfacelinks which are not necessarily oriented or orientable. The invariants can be used in order to estimate the minimal triple point numbers of non-orientable surface-links.
Introduction
The fundamental quandles are strong invariants of links, which are generalized to any codimensiontwo oriented manifold pairs, [9, 13, 17] . Carter et al. [4] defined homology groups of quandles, which are deeply related to homology groups of racks due to Fenn et al. [10] , cf. [5, 16] . Using cocycles θ of quandles, Carter et al. [4] defined invariants of links in 3-space or surface-links in 4-space, called quandle cocycle invariants and denoted by Φ ori θ in this paper. For details on quandle homologies and invariants, refer to [1, 3, 4, 5, 10, 11, 16, 20, 21] . Quandle cocyle invariants can distinguish the left-handed trefoil from the right-handed trefoil ( [20, 21] ), and the 2-twist-spun trefoil from its copy with the opposite orientation ( [2, 4, 12, 20, 21] ), although the fundamental quandles themselves cannot. In order to define quandle cocycle invariants, it is essential that links or surface-links are oriented. In this paper we introduce the notion of a quandle with a good involution, which is called a symmetric quandle, and its homology groups. This notion enables us to consider quandle cocycle invariants, denoted by Φ θ , for links or surface-links which are not necessarily oriented or orientable.
For a given symmetric quandle 2-cocycle θ, we define a quandle cocycle invariant Φ θ of an unoriented link. We show that Φ θ is equal to the quandle cocycle invariant Φ ori θ of an oriented link when we give an orientation to the link arbitrarily (Theorem 6.7). As a consequence, we see that Φ ori θ does not depend on the orientation of a link if θ is a quandle 2-cocycle cohomologous to a symmetric quandle 2-cocycle. We can also use the fact Φ ori θ = Φ θ for calculation of Φ ori θ , since the calculation of Φ θ is sometimes simpler than that of Φ ori θ as seen in Example 7.4. For a given symmetric quandle 3-cocycle θ, we define a quandle cocycle invariant Φ θ of an unoriented or non-orientable surface-link. We show that when a surface-link is orientable, the invariant Φ θ is equal to the quandle cocycle invariant Φ ori θ of an oriented surface-link when we give any orientation to the surface-link (Theorem 8.5). The invariants Φ θ are essentially new and interesting for non-orientable surface-links. As Φ ori θ can be used to estimate the minimal triple point numbers of oriented surface-links [25, 26] , we can use Φ θ to estimate those of non-orientable surface-links (Theorem 8.6, Proposition 9.4, Theorems 9.5 and 9.6).
This paper is organized as follows: In §2 the definition of a quandle with a good involution or a symmetric quandle is defined. In §3 we determine good involutions of trivial quandles, dihedral quandles and keis. In § §4 and 5 the definitions of the associated group and homology groups of a symmetric quandle are given. In §6 we investigate cocycle invariants Φ θ for classical links and show that Φ θ is equal to Φ ori θ . In §7 a special case where X is a kei and ρ is the identity map of X is considered. In §8 we discuss quandle cocycle invariants for surface-links. In §9 examples of quandle cocycle invariants and applications on the minimal triple point numbers of surface-links are given.
Quandles with Good involutions
A quandle [9, 13, 17] is a set X with a binary operation (x, y) → x y satisfying the following: (Q1) For any x ∈ X, x x = x, (Q2) for any x, y ∈ X, there exists a unique element z ∈ X with z y = x, and (Q3) for any x, y, z ∈ X, (x y ) z = (x z ) (y z ) D We denote the element z given in (Q2) by x y −1 . A rack [9] is a set X with a binary operation satisfying (Q2) and (Q3). A kei [27] or an involutory quandle [13] is a quandle satisfying that (x y ) y = x for any x, y ∈ X. In other words, a kei is a quandle X with x y = x y −1 for any x, y ∈ X.
Definition 2.1 A map ρ : X → X is a good involution [15] if it is an involution (i.e., ρ • ρ = id) such that ρ(x y ) = ρ(x) y and x ρ(y) = x y −1 for any x, y ∈ X. Such a pair (X, ρ) is called a quandle with a good involution or a symmetric quandle.
A (quandle) homomorphism f : X → Y is a map such that f (x y ) = f (x) f (y) for any x, y ∈ X. A (symmetric quandle) homomorphism f : (X, ρ X ) → (Y, ρ Y ) means a map f : X → Y such that f (x y ) = f (x) f (y) and f (ρ X (x)) = ρ Y (f (x)) for any x, y ∈ X.
Example 2.2 (cf. [15] ) Let G be a group. The conjugation quandle, denoted by conj(G), is G with the operation x y = y −1 xy. The inversion, inv(G) : G → G; g → g −1 is a good involution of conj(G). We call (conj(G), inv(G)) the conjugation symmetric quandle. Example 2.3 (cf. [15] ) Let X be a quandle and let X 1 and X 2 be two copies of X. For an element x ∈ X, we denote by x 1 and x 2 the corresponding elements of X 1 and X 2 , respectively. Let D(X) be the disjoint union of X 1 and X 2 . For any elements x, y ∈ X, we put x 
. This is a trivial quandle (i.e., x xj i = x i for i, j ∈ {1, 2}) and ρ(x 1 ) = x 2 . On the other hand, if L is an unknotted projective plane in R 4 , then Q L consists of a single element x with ρ(x) = x, where any surface ambiently isotopic to the projective planes that project to the standard cross-cap is unknotted.
When L is transversely oriented (i.e., all meridian disks of L are oriented coherently), we have a subquandle Q L of Q L consisting of all homotopy classes of pairs (D, α) such that D has the given orientation; cf. p. 359 of [9] . Then ( Q L , ρ) is isomorphic to (D(Q L ), ρ) in the sense of Example 2.3.
Good involutions of trivial quandles, dihedral quandles and keis
In this section we study good involutions of trivial quandles, dihedral quandles and keis.
A trivial quandle is a quandle whose operation is trivial, i.e., x y = x for any x, y ∈ X. A trivial quandle consisting of n elements will be denoted by T n later.
Proposition 3.1 If X is a trivial quandle, then every involution of X is a good involution. Conversely, if every involution of X is a good involution, then X is a trivial quandle.
Proof. Let ρ be an involution of a trivial quandle X. For any x, y ∈ X, ρ(x y ) = ρ(x) = ρ(x) y , and x ρ(y) = x = x y −1 . Therefore, ρ is a good involution of X. Suppose that any involution of X is a good involution. For any x, y ∈ X, consider an involution ρ : X → X with ρ(x) = y, ρ(y) = x and ρ(z) = z for z = x, y ∈ X. If ρ is a good involution, then x = ρ(y) = ρ(y y ) = ρ(y) y = x y . Thus X is a trivial quandle. The dihedral quandle of order n is Z/nZ with the operation x y = 2y − x (mod n). We denote it by R n . For simplicity, we denote an element i + nZ of Z/nZ by i for i ∈ {0, 1, · · · , n − 1}.
Operations of the dihedral quandle R n correspond to inversions along axes of symmetry of a regular n-gon. Consider a regular n-gon whose vertices are named 0, 1, · · · , n − 1 ∈ Z/nZ = X in this order. The inversion along the axis of symmetry passing through a vertex y ∈ X induces a bijection X → X with x → 2y − x (mod n).
Let X be the dihedral quandle R n = Z/nZ. The identity map is a good involution. If n is an even number, say 2m, then a map ρ : X → X with ρ(i) = i + m for all i is a good involution. We call it the antipodal map. Moreover if n = 2m for some even number m, then X has two more good involutions, say ρ 1 and ρ 2 , with ρ 1 (i) = i for odd i's and ρ 1 (i) = i + m for even i's; and ρ 2 (i) = i + m for odd i's and ρ 2 (i) = i for even i's. We call them half-antipodal maps. See Figure 1 .
(1) When n is an odd number, the identity map is the only good involution.
(2) When n = 2m and m is an odd number, a good involution is either the identity map or the antipodal map. (
Proof. (1) For any i and j ∈ R n , j
. By induction, we have the result.
Proof of Theorem 3.2. Let ρ be a good involution of R n .
(1) When n is an odd number, by Lemma 3.3 (1), ρ is the identity map. (2) When n = 2m for an odd number m, suppose that ρ is not the identity map. By Lemma 3.3 (1), there is an element i ∈ R n such that ρ(i) = i + m. Then, ρ(i + m) = i. One of i and i + m is an odd number, and the other is an even number. By Lemma 3.3 (2), ρ(j) = j + m for every j ∈ R n .
(3) When n = 2m for an even number m, suppose that ρ is not the identity map. By Lemma 3.3 (1), there is an element i ∈ R n with ρ(i) = i + m. By Lemma 3.3 (2), we see that ρ is the antipodal or a half-antipodal map.
A good involution of a quandle is not necessarily a quandle homomorphism. It is a quandle homomorphism if and only if the quandle is a kei. A kei is characterized in terms of a good involution as follows. (1) X is a kei. 
It is obvious. (3) ⇒ (1): Let ρ be a good involution which is a quandle homomorphism. For any x, y ∈ X, ρ(
(1) ⇒ (4): Let ρ be a good involution. For any x, y ∈ X, ρ(
. Therefore, ρ is a quandle homomorphism. As seen above, the identity map is a good involution.
(4) ⇒ (3): It is obvious.
The associated group of a symmetric quandle
The associated group of a quandle X is
The associated group with the natural map η : X → G X has a universal mapping property; see [9, 13] .
The associated group, G (X,ρ) , of a symmetric quandle (X, ρ) is defined by
The natural map µ : X → G (X,ρ) is the composition of the inclusion map X → F (X) and the projection map F (X) → G (X,ρ) , where F (X) is the free group on X. The associated group G (X,ρ) with the natural map µ : X → G (X,ρ) has a universal mapping property as follows:
(2) Let G be a group. Any symmetric quandle homomorphism f : (X, ρ) → (conj(G), inv(G)) "factors uniquely through µ"; that is, there exists a unique group homomorphism f ♯ : G (X,ρ) → G with f = f ♯ • µ, i.e., it makes the following diagram commutative.
2) Let f * : F (X) → G be the group homomorphism determined by the map f : X → G. Since f is a symmetric quandle homomorphism,
for all x, y ∈ X. Thus f * : Example 4.2 (1) Let (X, ρ) be the fundamental symmetric quandle of an unknot in R 3 or an unknotted 2-sphere in R 4 , i.e., X = T 2 = {x 1 , x 2 } and ρ(x 1 ) = x 2 (Example 2.5). The associated group G X of X is Z × Z and the associated group G (X,ρ) is Z.
(2) Let (X, ρ) be the fundamental symmetric quandle of an unknotted projective plane in R 4 , i.e., X = {x} and ρ(x) = x. The associated group G X is Z and the associated group G (X,ρ) is Z/2Z.
For a quandle X, an X-set is a set Y equipped with a right action of the associated group G X . For a symmetric quandle (X, ρ), an (X, ρ)-set is a set Y equipped with a right action of the associated group G (X,ρ) . We denote by y g or by y · g the image of an element y ∈ Y by the action
Homology groups of a symmetric quandle
Let (X, ρ) be a symmetric quandle. Let C n = C n (X) be the free abelian group generated by n-tuples (x 1 , · · · , x n ) of elements of X when n is a positive integer, and let C n be {0} otherwise.
Define the boundary homomorphism ∂ n : C n → C n−1 by
for n > 1 and ∂ n = 0 for n ≤ 1. Then C * = {C n , ∂ n } is a chain complex (cf. [4, 5, 10, 11] ). Let D Q n be the subgroup of C n generated by the elements of
and let D ρ n be the subgroup of C n generated by the elements of
The former of this fact is proved in [4] and the latter is seen as a special case of Lemma 5.1.
Define abelian groups
and we have chain complexes C R * (X), C Q * (X), C R,ρ * (X), and C Q,ρ * (X). Their homology groups are denoted by H R * (X), H Q * (X), H R,ρ * (X), and H Q,ρ * (X), and called the rack homology groups, quandle homology groups, symmetric rack homology groups, and symmetric quandle homology groups, respectively.
Let Y be an (X, ρ)-set. Let C n (X) Y be the free abelian group generated by the elements (y, x 1 , . . . , x n ) where y ∈ Y and x 1 , . . . , x n ∈ X when n is a positive integer, C 0 (X) Y = Z(Y ), the free abelian group on Y , and let C n (X) Y be {0} for n < 0.
Define the boundary homomorphism ∂ n :
for n ≥ 1, and ∂ n = 0 otherwise. Then C * (X) Y = {C n (X) Y , ∂ n } is a chain complex (cf. [10, 11] ). Let D Q n (X) Y be the subgroup of C n (X) Y generated by the elements of
z for x ∈ X ∪ Y and y, z ∈ X, and we denote (x y ) z by x yz for simplicity. In the following calculation, ≡ stands for the congruence modulo
and we have chain complexes
For an abelian group A, we define the chain and cochain complexes C • Suppose that two diagonal semi-arcs coming from an over-arc of D at a crossing v are labeled by x 1 and x 2 . If the normal orientations are coherent, then x 1 = x 2 , otherwise x 1 = ρ(x 2 ).
• Suppose that two diagonal semi-arcs e 1 and e 2 which are under-arcs at a crossing v are labeled by x 1 and x 2 , and suppose that one of the semi-arcs coming from an over-arc of D at v, say e 3 , is labeled by x 3 . We assume that the normal orientation of the over semi-arc e 3 points from e 1 to e 2 . If the normal orientations of e 1 and e 2 are coherent, then
Figure 3: Coloring conditions
A basic inversion is an operation which reverses the normal orientation of a semi-arc and changes the element x assigned the arc by ρ(x). Note that the coloring conditions are preserved under basic inversions.
An (X, ρ)-coloring of D is the equivalence class of an assignment of a normal orientation and an element of X to each semi-arc of D satisfying the coloring conditions. Here the equivalence relation is generated by basic inversions. • Suppose that two adjacent regions f 1 and f 2 which are separated by a semi-arc, say e, are labeled by y 1 and y 2 . Suppose that the semi-arc e is labeled by x. If the normal orientation of e points from f 1 to f 2 , then y Figure 6 .
Figure 6: Weights
the weight of v does not depend on the specified region.
Proof. When we change the specified region as in Figure 7 , where the specified region is denoted by * , the weight (y, Using basic inversions, we assume that normal orientations of semi-arcs of D point from the black regions to the white. Then we give an orientation to every semi-arc of D such that the orientation vector followed by the normal orientation vector matches the orientation of R 2 . Assign a pair (y, x) ∈ Y × X to each semi-arc, where y is the color of the black region and x is the color of the semi-arc. See Figure 8 . If the semi-arc is not a simple loop, then we give the initial point the weight −(y, x) and the terminal point the weight (y, x) with respect to the orientation of the semi-arc. For each crossing v of D, we choose its specified region from the black regions. See Figure 9 . If Figure 9 (1) occurs at v, the weights of v is (y, x 1 , x 2 ), and
The four terms are exactly the same with the weights assigned the endpoints of semi-arcs. See Figure 10 . It is similar for Figure 9 (2) . (Figure 11 ), then by choosing specified regions as in Figure 11 , it is seen that the difference of c D,C and c 
[y] * * * Figure (1) For any (y,
For any (y, x) ∈ Y × X, θ(y, x, x) = 0, and
We call these conditions the symmetric quandle 2-cocycle conditions. Example 6.5 Let X be the order 4 trivial quandle T 4 = {e 1 , e ′ 1 , e 2 , e ′ 2 }, and ρ : X → X a good involution with ρ(e i ) = e ′ i (i = 1, 2) (see Proposition 3.1). Let Y = {e}, which is an (X, ρ)-set.
, where χ (e,a,b) is defined by χ (e,a,b) (e, x, y) = 1 if (e, x, y) = (e, a, b) and χ (e,a,b) (e, x, y) = 0 otherwise. Then θ satisfies the symmetric quandle 2-cocycle conditions, and the linear extension [4, 6, 20] . Let 
A quick calculation of Φ θ
Throughout this section, we assume that X is a kei and ρ is the identity map of X (cf. Proposition 3.4). Under this assumption, the definition of the invariants Φ θ can be much simplified.
Let D be a diagram in R 2 of an unoriented link in R 3 . An X-coloring of D is an assignment of an element of X to each arc of D such that for each crossing of D, x x3 1 = x 2 holds where x 1 and x 2 are elements of X assigned under-arcs and x 3 is the element assigned the over-arc as in Figure 12 . Figure 12 .
Since X is a kei and ρ = id X , we see the following.
(1) An X-set Y with y x = y x −1 for any (x, y) ∈ X × Y is an (X, ρ)-set, and vice versa.
(2) Forgetting normal orientations, we have a bijection from the set of (X, ρ)-colorings of D to the set of X-colorings of D. The following is well-known, which is a special case of Proposition 6.1. Choose one of them, and let y be the element of Y assigned the region. Let x 1 and x 2 be elements of X assigned the under and over-arcs facing the region as in Figure 13 . The weight of v is ǫ(y, x 1 , x 2 ) where ǫ is the sign of v. (Recall that the sign of a crossing of an unoriented link diagram is defined when a region around the crossing is specified.)
[y]
Figure 13: Weights
Now we obtain the chain c D,C as the sum of the weights of all crossing of D. The following is a special case of Theorem 6.3 where X is a kei and ρ is the identity map. Figure 14 : A diagram of a right-handed trefoil Example 7.4 Let X be the dihedral quandle R 3 = Z/3Z of order 3, and ρ the identity map of X. Let Y = X on which X acts by the quandle operation. A map
satisfies the symmetric quandle 2-cocycle conditions and the linear extension θ : Z(X×X 2 ) → Z/3Z is a 2-cocycle of the cochain complex C * Q,ρ (X, Z/3Z) X . (It is a modified version of Mochizuki's cocycle [18] .) Thus, for an unoriented link diagram D in R 2 , a multi-set
is an unoriented link invariant. For example, let D be the diagram of a trefoil illustrated in Figure 14 . Any coloring C of D such that the unbounded region is 0 is given as in Figure 14 , where a, b ∈ X = Z/3Z, and the 2-chain derived from the colored diagram (D, C) is
Then we have 
Thus we have Φ θ (D * ) ∞=0 = {0, 0, 0, −1, −1, −1, −1, −1, −1}. As a consequence, we see that the trefoil is chiral. This argument is an unoriented link version of the argument given by Rourke and Sanderson [20, 21] .
As seen in Example 7.4, we can calculate the quandle cocycle invariant Φ ori θ by calculating Φ θ without considering the sign and the orientation of arcs at each crossing if X is a kei and ρ is the identity map. This gives a practical method of calculation of some Φ ori θ , cf. [12, 24] .
Quandle cocycle invariants of surface-links
Let D be a diagram in R 3 of an unoriented surface-link in R 4 . Divide over-sheets at the double curves and we call the sheets of the result semi-sheets of D. Each semi-sheet is a compact orientable surface in R 3 (cf. [14] ). We say that an assignment of a normal orientation and an element of X to each semi-sheet of D satisfies the coloring conditions if it satisfies the following conditions ( Figure 16 ):
• Suppose that two diagonal semi-sheets coming from an over-sheet of D about a double curve are labeled by x 1 and x 2 . If the normal orientations are coherent then x 1 = x 2 , otherwise x 1 = ρ(x 2 ).
• Suppose that two diagonal semi-sheets e 1 and e 2 which are under-sheets about a double curve are labeled by x 1 and x 2 , and suppose that one of the two semi-sheets coming from an over-sheet of D, say e 3 , is labeled by x 3 . We assume that the normal orientation of the over semi-arc e 3 points from e 1 to e 2 . If the normal orientations of e 1 and e 2 are coherent, then An (X, ρ)-coloring of D is the equivalence class of an assignment of a normal orientation and an element of X to each semi-sheet of D satisfying the coloring conditions. Here the equivalence relation is generated by basic inversions. • Suppose that two adjacent regions f 1 and f 2 which are separated by a semi-sheet, say e, are labeled by y 1 and y 2 . Suppose that the semi-sheet e is labeled by x. If the normal orientation of e points from f 1 to f 2 , then y Proof. Suppose that D and D ′ are diagrams related by a single Roseman move [8, 19] . Let E be a 3-disk in R (Some of them may be the same.) Choose one of them, say f , which we call a specified region for v, and let y be the label of f .
Let e 1 , e 2 , and e 3 be the lower semi-sheet, the middle semi-sheet, and the upper semi-sheet at v, respectively, which face the region f . By basic inversions, we assume that the normal orientations n 1 , n 2 and n 3 of them point from f to the opposite regions. Let x 1 , x 2 and x 3 be the labels of them, respectively. The sign of v with respect to the region f is +1 (or −1) if the pair of normal orientations (n 3 , n 2 , n 1 ) does (or does not) match the orientation of R 3 . The weight of v is defined to be ǫ(y, x 1 , x 2 , x 3 ) where ǫ is the sign of v. See Figure 19 . For a double curve γ, choose a black region around γ, and let y be the coloring assigned to this region. Let x 1 and x 2 be the color of the under semi-sheet and the color of the over semi-sheet around γ which face the black region. Assign a triple (y, x 1 , x 2 ) ∈ Y × X 2 to the double curve γ. See Figure 20 . It depends on a choice of the black region around γ, however it determines a unique element of C If the double curve is not a simple loop, then we give the initial point the weight −(y, x 1 , x 2 ) and the terminal point the weight (y, x 1 , x 2 ). For each triple point v of D, we choose its specified region from the black regions. In the situation of Figure 21 , the weights of v is (y, x 1 , x 2 , x 3 ), and
We recall quandle cocycle invariants of oriented surface-links in the sense of [4, 6, 20] . Let D + be an oriented diagram such that D is obtained from D + by forgetting orientation. Using the orientation, we assign the semi-sheets of D + normal orientations such that the orientation vectors followed by the normal orientation vector matches the orientation of R
3 . An X Y -coloring is assignment of an element of X to each semi-sheet and an element of Y to each complementary region of D satisfying the conditions illustrated in the left of Figure 16 and in Figure 18 . The weight of each triple point is defined as in Figure 19 . Let i=1 ǫ i (y i , x i1 x i2 , x i3 ) for some elements (y i , x i1 x i2 , x i3 ) of Y × X 3 and ǫ i ∈ {±1}. Since |θ((y i , x i1 x i2 , x i3 ))| ≤ 1, we have |θ(c D ′ ,C ′ )| ≤ t(F ).
This theorem can be used to estimate the minimal triple point numbers of surface-links. For example, see Proposition 9.4, Theorems 9.5 and 9.6.
Examples and applications
First, we give some examples of quandle cocycles. 
M
(n) = {x + (0, 0, 0, k) ∈ R 4 = R 3 × R | x ∈ M, k ∈ {0, 1, . . . , n − 1}}, which is a properly embedded surface in R 3 ×[0, n]. Let F = F (n) be a closed surface in R 4 = R 3 ×R which is obtained from M (n) by attaching some disks trivially in R 3 × (−∞, 0] and R 3 × [n, ∞). Then F is a 2-component surface-link, and each component is a non-orientable surface. Satoh [23] proved that the minimal triple point number of F is 2n by a geometric argument on the normal Euler number. We can generalize this fact by the quandle cocycle invariant given in Example 9.3. Theorem 9.5 Let F = F (n) be the surface-link described above. For any orientable surface-knot K, t(F #K) ≥ 2n. Moreover, if K is an orientable pseudo-ribbon surface-knot, then t(F #K) = 2n. (A surface-knot K is said to be pseudo-ribbon if t(K) = 0.)
Proof. Considering the motion picture of M (Figure 22 ) to be a 1-parameter family of classical link diagram, we have a broken surface diagram of M with two triple points which correspond to the Reidemeister moves of type III in Figure 23 . Combining n copies of the broken surface diagram and capping off by trivial disks, we obtain a diagram of the surface-link F with 2n triple points, say D. Let (X, ρ), Y , and θ be as in Example 9.3. Let C be a coloring of D whose
